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Disclaimer: This presentation provides a summary of research results. The information is being
released for statistical purposes, to inform interested parties, and to encourage discussion of work in
progress. The presentation does not represent an existing, or a forthcoming new, official BLS
statistical data product or production series.
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CPI program overview
▶ CPI-U population covers 93% of the U.S. population

▶ BLS collects prices for ≈ 100, 000 goods and services paid by urban
households in core-based statistical areas (CBSA) ( BLS Handbook of
Methods)

▶ BLS calculates 7,776 basic indexes series Ica[t] for
▶ a - 32 geographic index areas in contiguous USA

(9 Census Divisions + 23 large CBSA)
▶ c - 243 commodity items
▶ t - month of data collection

▶ Indexes are normalized to 100 starting from a base period (originated in 1983
for most items)

▶ Percent change (PC) over the last p = 1 or p = 12 months(
Ica[t]

Ica[t−p]

− 1

)
∗ 100%
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Sparse geographic coverage of the CPI survey

Non−sampled NSR SR
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CBSA are building blocks for SAE

▶ Ŷj , V̂j sampling estimates and sampling errors in j ∈ 1, . . . , n = 73 sampled
CBSA in contiguous USA

▶ Model estimates θ̂i in i ∈ 1, . . . , N = 894 population CBSA

▶ θ̂i are building blocks for aggregation of any domain d

θ̂d =

∑
i∈d

Niθ̂i∑
i∈d

Ni

Ni - population in CBSA
d - state, Census Division or any aggregation of CBSA
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Borrowing strength: fixed effects, space and time
Model mean in all population CBSA: θi, i ∈ 1, . . . , N = 894

1. FH: Fay-Herriot area-level model
(
Σp ∈ RP×P , σ2

u

)
:

θi = Xiβ + ui

(β1, . . . , βP ) ∼ N (0,Σp), (u1, . . . , uN )
iid∼ N (0, σ2

uI), Σp ∈ RP×P

2. CS: Cross-sectional Spatial model
(
Σp ∈ RP×P ,Σs ∈ RN×N

)
:

θi = Xiβ + ui,

(β1, . . . , βP ) ∼ N (0,Σp), (u1, . . . , uN ) ∼ N (0,Σs), Σp ∈ RP×P ,Σs ∈ RN×N

3. TS6 and TS12: Spatio-Temporal models, t ∈ 1, . . . , T = 6 or 12 months:
θit = Xiβt + uit,

(u11, . . . , u1T , u21, . . . , uNT ) ∼ N (0,Σs×t) , Σs×t = Σs ⊗ Σt ∈ RNT×NT

(β11, . . . , β1T , β21, . . . , βPT ) ∼ N (0,Σp×t) , Σp×t = Σp ⊗ Σt ∈ RPT×PT

8 / 32



Outline

Introduction to Consumer Price Index (CPI)

Estimating CPI in small areas

Optimization for speed and efficiency
Spatial models
Temporal models

Other modeling concepts

Fuel prices: CPI survey and Administrative data

Results

Conclusions

9 / 32



Spatial model: basic formulation

W = (W1, . . . ,WN )T - field of spatially correlated random effects in CBSA
i ∈ 1, . . . , N

Spatial correlations depend on distances sij between centroids of CBSA (i, j)
Aij = s−1

ij - spatial proximity matrix
Q = diag(A1)−A ∈ RN×N - precision matrix

Model
θi = XT

i βx +Wi - fixed effects + field of random effects
p (W|τ) ∝ τ rank(Q)/2 exp

(
− τ

2W
TQW

)
- ICAR prior

Model dimension D = N + P + 1
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Confounding between fixed and spatial effects

C (X) - space of fixed effects with basis K ∈ RN×P

C (X)⊥ - orthogonal space with basis L ∈ RN×(N−P )

Wi = Kiγ + Liδ - field of random effects decomposed

θi = XT
i βx + Liδ - model without confounding between X and Q

L = P⊥ = I−P - orthogonal basis, where P = X
(
XTX

)−1
XT is projection operator

p (δ|τ) ∝ τ (N−P )/2 exp
(
− τ

2δ
TQ⊥δ

)
- orthogonal ICAR prior

Q⊥ = LTQL - orthogonal precision matrix

Model dimension D = N + 1
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Sparse reparameterization of random effects
The reparameterized vector of random effects

1. have much smaller dimension Q ≪ N
2. include only positive spatial dependence, i.e. attraction

MX = P⊥AP⊥ is the Moran operator with respect to X and the corresponding
Moran’s I-statistic is

IX(W,A) =
N

1TA1

WT
(
P⊥AP⊥)W

WTP⊥W
.

Matrix MS ∈ RN×Q of eigenvectors (harmonics) of the Moran operator MX

corresponding to the first Q largest eigenvalues λ1 > · · · > λQ > 0.

θi = XT
i βx +MSiβS

p (βS |τ) ∝ τQ/2 exp
(
−τ

2
βT
SQSβS

)
QS = MT

SQMS

Model dimension D = P +Q+ 1
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Temporal correlations with Gaussian Process (GP) priors

βt - model parameters in collection periods t ∈ 1, . . . , T .
GP priors allow modeling functional dependence βt ∼ β (t)

βt ∼ N (0,K (t|α, λ))
K (t|α, λ) - GP kernel function

α - marginal SD, controls the range of variability of βt
λ - length-scale, controls the frequency of fluctuations
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GP standard kernels

Exponential Quadratic

KEQ(ti, tj |α, λ) = α2exp
(
−(ti − tj)

2

2λ2

)
Matern 3/2

KM32(ti, tj |α, λ) = α2

(
1 +

√
3|ti − tj |

λ

)
exp

(
−
√
3|ti − tj |

λ

)
Matern 5/2

KM52(ti, tj |α, λ) = α2

(
1 +

√
5|ti − tj |

λ
+

5|ti − tj |2

3λ2

)
exp

(
−
√
5|ti − tj |

λ

)
.
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Ideas for choosing the right kernel
1. Combine diverse kernels, use informative priors for hyper parameters. More

flexible, runs very slow

Σx|s = KM52 (αx|s, λx|s,1
)
+KEQ (αx|s, λx|s,2

)
λx|s,1 ∼ IG(4, 1), λ̄ =

1

3

λx|s.2 ∼ IG(4, 5), λ̄ =
5

3
α ∼ N+ (0, 1)

2. Use standard kernels with constant and reasonable parameters. Less flexible,
runs ≈ 80 times faster

Σx|s = KEQ (αx|s = 1, λx|s,2 = 1
)

3. Depending on the data, Approach #2 may give acceptable results much
faster. Need more experimenting.
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Calibration to direct estimates

(Ŷd, V̂d) - direct sampling estimates in Census Divisions d ∈ 1, . . . , 9.

Calibration equation for CBSA estimates θi, i ∈ d :

Ŷd ∼ N
(
θd, V̂

2
d

)
θd =

∑
i∈dNiθi∑
i∈dNi
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Global-local priors for fixed effects

Fixed effects X ∈ RN×P , βp
x, p ∈ 1, . . . , P - model coefficients

βp
x ∼ N(0, σ2

p)

σp|σG ∼ C+ (0, σG) , σG|σ ∼ C+(0, σ)

C+ (x|0, a) = 1

π

a

x2 + a2
, x > 0 - half-Cauchy distribution

E (βp
x|Y) = {1− E (κp|y)}

(
XTX

)−1 (
XTY

)
p

κp = 1/
(
1 + σ2

p

)
∼ Beta (0.5, 0.5)

κp - shrinkage coefficient with ∪-shaped “horseshoe” prior
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Smoothed sampling variances via co-modeling (aka GVF)

Sampling equation of the Fay Herriot model

Ŷj |θj , V̂ 2
j

ind∼ N
(
θj , V̂

2
j

)
- no co-modeling

Sampling equations for co-modeling of means and variances.
ν2j - latent variance.

Ŷj |θj , ν2j
ind∼ N

(
θj , ν

2
j

)
V̂ 2
j |a, b, ν2j

ind∼ G

(
an∗

j

2 ,
an∗

j

2bν2j

)
, ν2j

ind∼ IG (2, 1)
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Fuel price change over 12-month (%)
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Figure: National average of 12-month change (%) in fuel prices in CBSA estimated from the data of
CPI survey (△) and administrative dataset (◦) by monthly collection periods from 202107 to 202407.

▶ Estimation from the CPI survey sample of fuel prices
▶ Validation against Admin data
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Model fit averaged over collection periods
Sampled CBSA Non-sampled CBSA

Model Time (s) WAIC SD 95% CI RMSE R2 SD 95% CI RMSE R2

FH 60 199 2.6 .91 3.1 .68 3.5 .82 4.7 .08
CS 188 189 2.6 .93 2.4 .75 4.3 .86 4.4 .23
TS6 921 166 2.6 .97 1.9 .83 5.4 .93 4.1 .31

TS12 2661 170 2.7 .97 1.9 .83 6.6 .96 4.4 .28

Table: Summary of model fit averaged over collection periods from 202310 to 202407

WAIC - Widely Applicable Information Criteria

ȳadm =
1

N

∑
i

yadm
i ,

¯̂
θmod =

1

N

∑
i

θ̂mod
i

SSadm
tot =

∑
i

(
yadm
i − ȳadm

)2

, SSmod
tot =

∑
i

(
θ̂mod
i − ¯̂

θmod
)2

, SSres =
∑
i

(
yadm
i − θ̂mod

i

)2

SD =
√

SSmod
tot /N, RMSE =

√
SSres/N, R2 = 1− SSres

SSadm
tot
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LOO-CV and WAIC by collection periods
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Figure: Leave One Out Cross Validation (LOO-CV) and Widely Applicable Information Criteria for FH, CS, TS6
and TS12 models. Data collection periods from 202310 to 202407.
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SD and 95% CI coverage by collection periods
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Figure: Average SD and 95% CI coverage rate of the estimates by FH, CS, TS6 and TS12 models for the
sampled and non-sampled CBSA. Data collection periods from 202310 to 202407.
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RMSE and R2 by collection periods
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Figure: RMSE and coefficient of determination R2 of the estimates by models FH, CS, TS6 and TS12 models
relative the estimates from the administrative data (◦). Data collection from 202310 to 202407.
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States: Model vs Admin data
OH CO UT NM ID
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Figure: Model-based estimates (•) in Ohio (OH), Colorado (CO), Utah (UT), New Mexico(NM) and Idaho(ID)
with 90% credible intervals by FH, CS, TS6 and TS12 models relative to the “gold-standard” estimates (◦).
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Census Divisions: Model vs Admin data
New England Mid Atlantic EN Central WN Central S Atlantic ES Central WS Central Mountain Pacific
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Figure: Model-based estimates (•) in Census Divisions with 90% credible intervals by FH, CS, TS6 and TS12
models relative to the ”gold-standard” estimates from administrative data (◦).
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CBSA: socio-demographic groups

Urban pop rate <10% College educ rate >90% College educ rate <10%
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Figure: TS6 model estimates (•) in socio-demographic groups with 90% credible intervals relative to the
“gold-standard” estimates from administrative data (◦).
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Conclusions

▶ Why do spatio-temporal models improve over the Fay-Herriot model?
▶ Sparse geography of CBSA sample
▶ Low explanatory power of socio-demographic fixed effects
▶ Strong spatio-temporal correlations of CPI survey data

▶ Why TS6 model is better than TS12?
▶ Data aggregation over collection periods reduces Bias and increases Variance. Same old

Bias vs Variance dilemma

▶ New analyzes with CBSA building blocks
▶ Estimates with proper uncertainty measures in any arbitrary geography: States, Census

Divisions, North California, South Florida, North and South Carolinas, etc
▶ Define any aggregation of CBSA based on socio-demographic characteristics: low

income, high education, high % of manufacturing employment, etc. Make reliable
inferences for time series
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